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COMPUTATION OF EFFECTIVE PLASTICITY
CHARACTERISTICS OF INHOMOGENEOUS MEDIA

V. V. Dudukalenko, 8, I, Meshkov, UDC 539,389,1
and L, A, Saraev ‘

Macroscopic mechanical characteristics of a composite material, representing a mixture of inclusions
and host, are determined by the mechanical properties of the phases and its geometric configuration, We de-
fine the composite configuration by that uniform distribution of the spherical inclusions in the host so that the
characteristic function " equals one at the inclusions -and zero at the host and is statistically homogeneous
and isotropic. With respect to the mechanical properties of the phases, we limit ourselves to the condition
that the plastic properties of the inclusions be higher than th; plastic properties of the host, Hence, the host
can be considered ideally elastic in a definite deformation range, and the inclusions ideally elastic—plastic
Both phases are interconnected such that slip of the inclusions in the host is excluded,

1. The materials of the host and the inclusions are considered isotropic and Hooke's law in the phases
is written in the form

0;5 = 24 (€15 — €53) + 8; hahns

where pgy, Ay are the Lamé parameters, Oij» €ijs eg. are components of the stress, the total and plastic de-

formation tensors, and @ =1 corresponds to the host and @ =2 to the inclusion, The plastic deformations
satisfy the incompressibility condition eﬁk = 0, The plastic properties of the inclusions are determined by

the Mises plasticity condition SijSij = k2, where Sij and k are the deviator components of the stress tensor
and the plasticity limit of the inclusions, respectively,

An investigation of the extremum [1] of the function
L=~ {S [D (D)~ 5 W (er;—ebsy &y — e’i’,-)] av — S(pivi + gqiuy) dS} (1.1)
\'2 S

determines the properties of the inhomogeneous medmm Here D(sp) = k(x)V el ep] is the dissipative function
for the selected plasticity condition [2};

5 W(eij — by &) an) =2p(z) (eu e?j) (Eij - *’Ii’i) + A (Z)erntrn
is the rate of change of the elastic energy, &ij, Eli)' are the components of the total and plastic strain rate

tensors, uj, vj are the displacements and the velocities, pj, qj are the loads and their velocities on the sur-
face, The total volume V is a simply connected domain, The random stress, strain, and their velocity fields
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are assumed ergodic so that their mathematical expectations, agreeing with the means in the volume of val-
ues, are independent of the coordinates, Taking the average with respect to V, the volume of inclusions
Vi is denoted by

(= (. av, <(...>>i=—1}1—j(...)dv.
A V.
i

The quantities {es;, (eij), (o3y) and the residual strains e;’- are considered given, and the k(x), u(x), A(x)
form homogeneous ergodic random fields, The fields of the displacement fluctuations u{ and their velocities
v{ are sought in the class of statistically homogeneous continuous functions.

With respect to taking the average of the field magnitudes over the inclusions, it is assumed that

<eij8ny == {€iydy CEnDy- (1.2)

Such an assumption is completely justified for low inclusion concentrations in elasticity theory since if
corresponds to a homogeneous strain state of each spherical inclusion [3], For higher concentrations of in-
clusions, this assumption should be satisfied because of the equilibrated mutual influence of the spheres,
which are distributed statistically homogeneously in the volume V.,

The condition on the boundary S of the volume V has the form

pi ={O;pny g = {0, (1.3)

where nj is the vector of the unit normal to S and ojj is the velocity of the stress field,
Dividing the volume V into V — Vj and Vj, we obtain by using (1,1)-(1,3)
= k) el ><t,,> + 2 <35815) + hy Cenntnd + 2Auc {ei5di <€
+ Ahe Cepidy <Brrdy -+ 2ac™ el (el — 2, (Cepypg (el
+ (el e ) — €0i) (eiyy — <Gij> {ej2, (1.4)
where the obvious relationship (e%) =c <e%)i has been used and ¢ = V;V-! is the volume concentration of the
inclusions Ap = py =y, Ah = Ay — A4,
The disappearance of the first variation of (1.4) at independent variations of the fluctuations éu{, 6v{
results in two systems of equations
2hi; - Ml = €% 2 A Mk = bin;,
whose right side depends on the strain state of the inclusions and the mathematical expectation of the plastic
deformation,
Here
ayj = 2p0e7 (el — 2Au e i — 84k (e s

by = 2pacT ey — 2An (&5 — 8, ;AN Ceppdye
The solution is written by using the Green's tensor Uli{(x, &) {41
ei; (1) ="y \ Ginp; (%, By ' (E) dV,
Y .

&1 (1) = byt | Gaanns (2, O %' (B) 4V,
%

where 2Gik,lj(xs £ = [BUlic(x, £)/(9¢ laxj) + aU;{(x, £)/(9¢78%4)] and the parentheses denote symmetrization with
respect to the subscripts,



2, To determine the effective characteristics of a composite, it is necessary to express the functional
(1.4) in terms of the field magnitudes averaged with respect to the volume V, This can be done by using the
obvious equalities

Cepvi =<y + 7 W eid, L&Dy = (Byyd + ¢ (W eis). 2.1)

For statistically homogeneous and isotropic functions ® and %! the binary correlation function is
(2 (B)) = f(r),
where f(r) is some function of the distance r? = (x; — £;)(x; — £{)/R?, and R is the radius of the inclusions,

Then

c{l—¢)

.\x‘e;,,->.».; W:Tl)

{2(4— Bvy)a;;— §;5am,0,

(el = ot g 5"1) by~ 6ijbkhiz

30p, (1 —vy) (2.2)
24y Cehiend = Ay Cemennd = b= 19(4 — Fv,)a; b b,
MO RS2 It 2] vy \ErrErk —m [2(4—5v))a;b;; — Anpbpsl

{v; is Poisson's ratio in the host),

Substituting the first of formulas (2.2) into (2.1), taking account of the expression for ajj, we obtain
the value of strain averaged over the inclusions in terms of the total strain

Cepidi = Aey + 8B Cend + € Gy 2.9

(an analogous expression is valid for {ejy;) where
151, (1 —v)) .
150, (1 — %) --2(1 — c) Ap (4 — 5v)’

(1 — o) [2A1 — 58K (1 — 2v,)] N
BT8Ry (1 — ;) + (1 —¢) (1 — 2v,) (2BR - 35K} °
2p, (1 — o) (4 —5v))

Bpe(t—v)

A=

B4

C=A

By using (2.2) and (2,3), the functional (1.4) is expressed in terms of the magnitudes of the fields aver-
aged just with respect to the total volume V, Hence, the angular brackets are henceforth omitted,

The stationarity conditionfor sucha functional in g;j yields the effective Hooke's law of an inhomogene-
ous medium, The deviator part of this law is

51y = 2% (e, — ey). (2.4)
Here
. \ B —v)elm—1 1
O Bl—v,) 201 —o(m—1(&—5v)

is the effective shear modulus of the composite, m = puy/py; and e(iij is the strain tensor deviator, The volume
part of Hooke's law is written in the form

- *
Opp == 3K Erks

where

K, (3K, -4p)) -4u, (K, ~K)e
(3K, -~ 491) -= 3e (Kl — K,)

K*



is the effective elastic modulus of multilateral tension (compression), and Kj, K, are the volume phase mo-
duli, The formulas for u* and K* agree with the expressions in {5, 6],

The elastic moduli of a composite fabricated from P-47 polystyrene filled with glass microspheres
were investigated experimentally in [7]. The formulas for pu* and K* displayed quite good agreement with
the experimental results.

Taking account of (2.4), the condition for stationarity of the functional in t»:pJ yields the plasticity con-
dition for a composite material

R#2 = (s;; — Nezj) (515 — Neis),

where

k*=k{%-{- z i_vl(i—c)(1~~—)+c(1——)]

is the effective limit of plasticity of the medium;

. ke (7 —5v)) - 26 (4— 5v,)
A —2”*[75 11»5(1-—v1) : "1}

is the coefficient of linear hardening characterizing the displacement of the flow surface under loading, The
coefficient of linear hardening is a fractional-linear function of the concentration and varies between infinity
and zero as the concentration changes from zero to one, The plasticity limit k* is a linear function of the
concentration, that equals K for c =1, For ¢=0

. 1 2 4—5v 1
k*-’v[;ﬂLET:TL(i“;)}

this quantity is the exact upper bound of all possible k* = k*(c) which character:ze the initial flow surface of
the composite,
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